Abstract. A diffusion model of sheaths with frozen ionization and recombination on emitting cathodes is considered. Governing equations are solved asymptotically and numerically. It is found, in particular, that the electric field in the sheath is directed from the cathode surface into the plasma at low current densities and in the opposite direction at high current densities. Special attention is paid to values of the electric field at the cathode surface, which can contribute to electron emission, and of the charged-particle density at the sheath edge, which provides a boundary condition for equations describing the distribution of the charged particles in the quasineutral region. On the basis of asymptotic and numerical results, approximate analytical formulae for these quantities are constructed.
Introduction
A model of a space-charge sheath on an emitting cathode is an important constituent of any theory of near-cathode phenomena in high-pressure arc discharges. In most investigations, a model of a collisionless sheath is employed (see, e.g., the recent papers [1] [2] [3] [4] and references therein). However, in some conditions the sheath in a high-pressure arc discharge may be collision-dominated. As an example we consider, following [5] , conditions typical for arc lamps: a tungsten cathode with a surface temperature of about 3000 K in a mercury plasma at a pressure of 30 atm. The electron density associated with thermionic emission from the surface may be estimated by means of the formula n e = 4j em /eC e , where j em is the density of the emission current, e is the electronic charge, and C e is the mean thermal velocity of the electrons. Taking the value of 4.5 eV for the work function of tungsten and employing the Richardson formula, one finds n e = 2.2 · 10 19 m −3 . The respective Debye length is 0.8 µm. The mean free paths for ion-atom and electron-atom collisions in the considered conditions are of the order of 0.01 µm. Assuming that the length scale of the sheath is represented by the Debye length, one can conclude that a regime with a collisiondominated sheath may indeed occur in these conditions.
Estimates show that the length scale characterizing ionization and recombination is much larger than the Debye length in the above conditions. Hence, ionization and recombination in the sheath represent a minor effect. On the other hand, an essential feature of a near-cathode spacecharge sheath in an arc discharge is electron emission from the cathode surface.
Approximate equations for a non-equilibrium nearcathode region in the above conditions have been included in a numerical model [5] of a high-pressure mercury lamp. Most attention was paid to the characteristics of the arc as a whole; no results on the space-charge sheath were presented. A numerical study of a non-equilibrium region near an emitting cathode in a low-current diffuse discharge in a thermal plasma of molecular gases taking account of a collision-dominated space-charge sheath has been carried out [6] . It was found that ionization in the sheath plays a major role in the conditions under investigation, and thus the physics of the sheath is essentially different from that in the above described conditions. The latter also applies to the work described in [7] , where a similar model was applied to an arc in atmospheric-pressure argon.
Collision-dominated sheaths have been intensively studied in the continuum theory of electrostatic probes in a plasma (see, e.g., asymptotic treatments [8] [9] [10] [11] ), without, however, account of electron emission from the cathode surface.
A theory of a collision-dominated space-charge sheath with frozen ionization and recombination on an emitting cathode is developed here.
The model
The distributions of the ions, electrons and the electric field in a weakly ionized thermal-equilibrium spacecharge sheath with frozen ionization and recombination are described by the diffusion equations for the ions and the electrons and the Poisson equation
Here n i , n e , J i and J e are the number densities of the ions and electrons and the densities of their diffusion fluxes, E is the electric field strength, D i0 and D e0 are the diffusion coefficients for ion-neutral and electron-neutral, T is the plasma temperature, e is the electron charge, k is the Boltzmann constant, and the y-axis is directed from the cathode surface into the plasma. Note that the diffusion equations for the ions and the electrons (equations (1)) are written under the supposition that the electron and heavy particle temperatures are equal and spatially uniform in the sheath.
Supposing that all ions coming from the plasma are absorbed by the cathode surface yields the hydrodynamics boundary condition n i (0) = 0. The electron number density at the surface is related to the emission flux; in the first approximation one can use the relationship n e (0) = 4j em /eC e . (A discussion of these boundary conditions can be found elsewhere; see, e.g., [6, 12] .) The plasma is quasineutral at large distances from the cathode surface (in other words, at the 'sheath edge'): n i − n e → 0.
In order to specify the constants J i and J e , we specify the density of the electric current from the plasma to the cathode surface: e (J e − J i ) = j (given). Considering equations (1) at the sheath edge, where the first terms on the left-hand side of these equations vanish, one finds that D e0 J i = −D i0 J e . It follows
Now the problem is stated. It is convenient to transform it to dimensionless variables
where n ew is the electron number density at the cathode surface [n ew = n e (0) = 4j em /eC e ] and h is the Debye length evaluated in terms of this number density (h = 0 kT /n ew e 2 ). The problem assumes the form
Here the prime denotes differentiation with respect to η. The problem (5), (6) represents a nonlinear boundary value problem for the unknown functions N i , N e , and F , J playing the role of an input parameter. In the next section, asymptotic solutions of this problem for large and small values of J and a numerical solution for arbitrary J are given. The results are discussed in section 4.
Asymptotic and numerical solutions

Asymptotic solution for the case J → ∞
Analysis shows that a solution for this case should be sought in the form of the following asymptotic expansion:
where η 1 = J η. Substituting this expansion into equations (5) and retaining the main terms yields
(8) One finds F 1 = constant and a solution of the first and second equations subject to the first and second boundary conditions (6) reads
(9) In order to satisfy the third boundary condition (6), one should eliminate the exponential term on the right-hand side of one of these expressions. Evidently, the exponential term on the right-hand side of the first expression cannot be eliminated, hence one should eliminate the exponential term on the right-hand side of the second expression. The final solution reads
Asymptotic solution for the case J → 0
Analysis shows that a solution in this case is described by three different asymptotic expansions. The expansion describing a solution in the region η = O(1) is
One obtains the system of equations
A solution subject to the first and second boundary conditions (6) and to condition F 2 (∞) = 0 reads
The second asymptotic expansion, describing a solution on the length scale η = O(J −1/4 ), reads
where η 3 = J 1/4 η. One then obtains the system of equations
Boundary conditions at η 3 → 0 follow from the asymptotic matching (see, e.g., [13] and references therein) and read
A solution of equations (15) subject to these boundary conditions and to the third boundary condition (6) may be written in the form
The third expansion is related to the variable η 4 = J −1/4 exp(−2 5/8 J 1/4 η) and has the form
Boundary conditions at η 4 → ∞ follow from asymptotic matching and are (5), to a first approximation, assume the form
with a solution N i4 = N e4 = 2 1/4 . By subtracting the second equation (5) 
A solution to this equation subject to the third boundary condition (19) and limited at η 4 = 0 reads F 4 = 2 21/8 η 4 − 2 −1/4 . Thus, the asymptotic solution has been completed.
Numerical solution
In order to solve the problem presented by equations (5) and (6) 
Discussion
One can see from figures 1-3 that the thickness of the sheath decreases with an increase in the current. Evidently, this conclusion agrees with the asymptotic results, according to According to both asymptotic and numerical results, the field inside the sheath is positive and much stronger than the field at the edge in the case of small J , while in the case of large J the field inside the sheath is nearly constant and equal to the (negative) field at the edge. The reason for this is competition between the electric field created by the negative space charge in the sheath and the external field, penetrating into the sheath from the quasineutral region. In the case of small J , the space charge in the sheath is essential while the external field is weak, therefore the induced field prevails over the external field. In the case of large J , the total space charge in the sheath is small due to smallness of the sheath thickness while the external field is high; therefore the distortion of the external field is small.
The numerical results indicate that the electric field at the cathode surface becomes negative when J exceeds 0.5443. Note that this conclusion is important since a negative (directed from the plasma to the cathode) electric field at the cathode surface contributes to the electron emission.
In the case of small J , the ion density in the sheath remains small; again, this can be seen from both asymptotic and numerical results. The reason for this is that the ions appear in the sheath only due to their drift from the external (quasineutral) region, and this drift is small in the case of small J . In the case of large J , the diffusion transport of the electrons in the sheath is negligible and their distribution is dominated by drift transport. Since the electric field in the sheath is approximately constant, the electron density in the sheath is, to a first approximation, also constant and equal to that at the cathode surface.
Two quantities are of special interest from the point of view of application of the obtained results. First, it is the charged-particle density at the sheath edge which provides a boundary condition for equations describing a distribution of the charged particles in the quasineutral region. The second quantity of interest is the electric field at the cathode surface, which can affect the electron emission. We designate these quantities (in the dimensionless form) by N is and F w respectively: N is = N i (∞) = N e (∞), F w = F (0). According to the above, both quantities are functions of J . Values of these functions obtained from the numerical calculations are depicted by full curves in figure 4 . The broken lines show the asymptotic behaviour of these functions for small and large J , described by the formulae
For rapid evaluation of these functions in a wide range of J , one can use the correlation formulae These formulae correctly describe asymptotic behaviour (22) and conform to the numerical data shown in figure 4 with accuracies of 5% and of 0.2 respectively.
It is planned to use the obtained results in an analysis of near-cathode layers in high-pressure discharge lamps, following on from work described in [14] .
